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Abstract 

We investigate the possibility of a trans-Planckian duality, which exchanges 
a manifold of events (space-time), with a manifold of momenta (energy- 
momentum). Gravity has a dual counter-part, that is, a geometric theory 
defined on the manifold of momenta. We provide a mathematical framework 
that can possibly realize this idea, and analyze its classical behaviour. 
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1 Introduction 

The notorious problem of gravity is that, treated as a quantum field theory 
in the perturbative expansion, it is not renormalizable. It makes sense, 
though, to consider it as an effective field theory, at a certain energy scale 
A. When the energy scale is much lower than the Planck mass Mp, gravity 
is in the semi-classical regime, and thus follows the rules of general relativity, 
plus tiny quantum corrections. As we increase the energy scale, the effective 
coupling constant of gravity becomes stronger and stronger. This is simply 
a consequence of the fact that geometry couples directly to the energy- 
momentum tensor, and the strength of the coupling is essentially measured 
by the ratio A/Mp. In some sense, gravity at high energy, is similar to 
the problems that we are used to encountering in the infrared behaviors of 
asymptotically free quantum field theories. The problem of quantum gravity 
thus can also be considered as a strong coupling problem, not in the infrared 
(IR), but in the uhraviolet (UV). 

One of the most fascinating ideas, which has emerged in the study of 
strongly coupled quantum field theories, is that of duality. [I] By now, we 
know a broad variety of dualities, each one with its own peculiarity. They 
all, though, share a common feature. A theory which becomes intractable 
in certain regimes (energy scales or coupling constants) can be described 
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by another theory, a dual one, which has instead a semi-classical, simpler 
description. These dualities generally exchange strong coupling with weak 
coupling. Dual theories are generally written in terms of different variables, 
bound states or solitonic objects of the original theory. Sometimes, although 
written in terms of different variables, the two theories are identical, in which 
case we call them self-dual. 

We mention a few examples. One realized in nature, in a broad sense of 
duality, is ordinary QCD. At high energy scales, QCD is well described by 
a gauge theory with a certain number of colors and flavors. The gauge cou- 
plings becomes strong in the IR, and every perturbativc computation, per- 
formed with the original Lagrangian, becomes unreliable. There is though 
another description, at energies much lower than the dynamical scales. We 
can write an effective Lagrangian in terms of pions, bound states of quarks, 
which are the Goldstone boson of the chiral symmetry breaking. One of the 
first, exact theoretical realizations of the strong- weak duality is probably 
sine-Gordon/Thirring correspondence in 1 -|- 1 dimensions. Supersymmetry 
made it possible to find concrete realizations in 3 -|- 1 theories, in particu- 
lar the Seiberg-Witten solution in AT = 2, and the Olivc-Montonen duality 
of = 4 Super- Yang-Mills, which is a perfect realization of the electro- 
magnetic duality. 

Gravity becomes strong at the Planck scale, and it becomes ultra-strong 
if we increase the energy even further, in the trans-Planckian region A ^ 
Mp. The purpose of this paper is to answer the following question: // there 
is a dual description of gravity at the trans-Planckian scales, what it should 
look like? 

It is good to start with electro-magnetism. The concept of electro- 
magnetic duality is an old one, at least as old as the Maxwell equations. 
It is very simple to explain the concept of electro-magnetic and strong-weak 
duality; it is just the exchange of the electric and magnetic variables. It is by 
far more complicated to find a theory that explicitly realize these concepts. 
In other words, electro-magnetism contains from the beginning the duality 
between electric and magnetic fields. Less trivial is to find a theory in which 
the sources, in some way, also present this duality. For gravity instead, is not 
even clear how to define, an equivalent concept of duality. The scope of this 
paper is to define something analogous to electro-magnetic, or strong-weak, 
duality for the gravitational field. 

The universe, as we are able to observe, looks completely asymmetrical 
between space-time and energy-momentum. We could wonder if the asym- 
metry of our equations is just a consequence of the asymmetric conditions 
in which we live, and not a fundamental property of nature. We know that 
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gravity, through the Newton constant, introduces a new fundamental quan- 
tity. This quantity sets the natural unit of space-time, the Planck length 
Lp, and the natural unit of energy-momentum, the Planck mass Mp. In 
all the physical situations which we are able to explore, we always have 
to deal with space-time scales much bigger than the fundamental scale Lp, 
and energy-momentum scales much smaller than the fundamental scale Mp 
(we can visualize this concept with the help of Figure [T|) . The asymmetry 
of our equations could just be the consequence of the asymmetry of our 
environmental conditions, and not a property of the fundamental theory. 




Figure 1: We certainly observe a very asymmetric relation between events and momenta. 
This may be due to the limited energies we can access. The fundamental theory, may 
instead be completely symmetric. 

In this paper we want to make an attempt to write a theory in which 
space-time and energy-momentum enter in an equivalent way. The reason 
that brought us to this quest is very simple. The strength of the gravitational 
coupling depends on the energy scale, and is proportional to A/Mp; it is weak 
at low energy, strong at high energy. If we want a strong- weak duality, the 
coupling of the dual theory must be proportional to Mp/A. If furthermore 
we want this dual theory to be of the same form as the original one, i.e. a 
geometro-dynamics, the manifold on which it is defined must be of momenta 
(with dimension of energy), and not of positions (with dimension of length). 

In Section [2] we discuss the preliminary duality between coordinates and 
momenta, without any action. We use as matter field a single complex scalar. 
In Section [3] we introduce the action for the matter field, explain what in 
the first place breakes the duality which was present at the kinematic level, 
and then add a new term to the action in order to repristinate it. In Section 
I3]we introduce the gravitational interaction, and also its dual counterpart. 
In Section [5] we discuss the classical solutions to the self-dual action, both 
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with and without gravity. In Section [6] we briefly comment on the quantum 
behaviour. In Section [7] we present some conclusions. 

We use convections where the signature of the Minkowski metric is 
(+, — , — , — ). Throughout the paper, except for Appendix[Bl we use natural 
units where c = h = 1. 



2 Kinematic 

Without dynamics, space-time and energy-momentum are completely sym- 
metrical objects. They are both four-dimensional spaces 

x^ = (x°,x) p'' = {p',p), (1) 

equipped with a Minkowskian metric rjf^i^. Fields can be written as function 
over space-time, or equivalently as functions over energy-momentum. The 
two formulations are related by a Fourier transformatiorlll 

One of the basic properties of this transformation, is the equivalence of the 
norms 

m2 I d'x Mx)\' = ^jd'p W{P)? ■ (3) 

Both in space-time and energy-momentum, the Lorentzian symmetries (ro- 
tations and boosts) can be written as the following operator acting on the 
function or on the dual function ^p: 

Note the self-duality of the Lorentz symmetries. 

Self-duality, instead, is not a property of the translation invariance. 
Translation in the space-time is generated by P^, while translation in the 



^The Planck mass normalization is needed in order to have duality of the dimensions. 
if has dimension of mass, while ip of the inverse of a mass. 
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energy-momentum is generated by X^: 



d d 
= -i— , X^ = i—. (5) 

These two transformations are not dual to each other. 

Finally, in the scaling transformation, if space-time is scaled by a factor 
A, energy-momentum must be scaled by the inverse factor: 

X — > Ax , p ^ X^^p . (6) 

Note that the renormalization group (RG) flow, can be obtained on both 
sides of the duality with this transformation. The only difference is the 
exchange of IR with UV. When the space-time theory is in the UV, at high 
energy scales A ^ Afp, the dual theory is in the IR at small length scales 
1/A <. Lp. 



3 Dynamics 

Let us now introduce the dynamics. As we are accustomed to, we write the 
dynamics using the Poincare symmetry (translation plus Lorentz invariance) 
as our guiding principle. The action of free massless particles is 

S = j (fx df,ip*d^'ip . (7) 

We now see that space-time and energy-momentum enter in two completely 
different ways. This is a consequence of the mismatch between the transla- 
tional invariances, as previously discussed. 

Solutions to the free particle action are trajectories on light-cones. Every 
trajectory corresponds to a specific point in the energy-momentum mani- 
fold, which is conserved. The only possible occupation points, in energy- 
momentum, are the ones on the light cone centered in zero (Figure [2]). 
Positive energies correspond to particles, negative energies correspond to 
anti-particles. 

We can nevertheless write a "dual" theory, for the field <f defined in ([2]): 

s = jd^p d^^*d^^ . (8) 

Here we used, as our guiding principles, the Poincare symmetry in the 
energy-momentum manifold. Clearly the solutions of the actions S and 
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Figure 2: Dynamics of free massless particles in the x and p spaces. 



S are not dual to each other; i.e. they do not commute with the Fourier 
transformation. 

As far as free particles are concerned, we can still think about the prob- 
lem in a different way that makes evident a certain residual symmetric re- 
lation between space-time and energy-momentum. Instead of considering a 
particle, with a determined value of energy and momentum, traveling along 
space-time, we can consider a certain event in space-time, and then asso- 
ciate to it all the energy-momentum values that a particle or an anti-particle 
passing through this event, could have. We thus recover an entire trajectory 
in the light cone of the energy-momentum manifold, as if it were space-time 
that propagates in the energy-momentum manifold and not vice-versa. A 
dual-trajectory, or a dual worldline, corresponds to many different trajecto- 
ries in the ordinary space. We will return to this idea in Section [3 

The previous perspective, can work only for a "centered" space-time, 
i.e. for the light-cone of trajectories passing through a certain fixed point, 

= 0. But we know that the solutions of the action S also include all the 
other light-cones in space-time, centered in any possible event x^ (see Figure 
[2|). It is thus important to write the original theory, the action S, in a way 
that also makes it possible to translate in the space. In the action ([7]), 

= is the center of the energy-momentum, and clearly has a privileged 
role. What we want is to make the theory independent upon the choice of 
this center. We can do this in the following way. We replace the derivative 
by a covariant derivative 

= - ig^ , (9) 

where is an auxiliary, non-dynamical, gauge boson. A translation Q 
Q + 6 corresponds to the transformation (p e^^^^p. The gauge boson Q 
allows us to center at any point of the energy-momentum manifold. We 
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thus have built into our action S the possibihty to translate in the energy- 
momentum manifold. The x ^ p duality and the translational invariance, 
require the introduction of this additional structure: a U(l) gauge bundle 
on both spaces, with Q^^ the gauge boson on the x'^, and the gauge boson 
on the p^. In order to implement gauge invariance, the Fourier transform 
will also be modified (see next Section). 

The most trivial thing we can do to make an action invariant is to take 
the sum of two, the one written over x ([7|), and the one written over p ([8]): 

S = S + S. (10) 

This is basically the idea behind the whole paper. The reason behind the 
choice of the plus sign shall be explained later. 

We want to compare the magnitude of the two actions S and 5* at a 
certain energy scale A, and see which one is dominant. Consider the vari- 
ation of the field (/? which is different from zero inside a four- volume A~^, 
and vanishes outside. Call (if) the average value inside. A quick estimate 
gives S ^ A^^((/9)^. From the basic properties of the Fourier transform, we 
know that is spread over a dual four- volume A'^, and the typical value is 
{(f) ~ {(p)A~^Mp. Another quick estimate gives 5 ~ A-'^{(p)'^ ~ A~^{ip)'^M^. 
The outcome is that, at energy scales A <C Mp, the dual action S by far 
dominates over the S. We will return to this point in Section [5] when we 
discuss the classical solutions. 

4 Gravity 

Dynamics, as we saw, completely spoils the events<->momenta duality. But 
if we define a new action S as the sum of the two actions S and 5, we have 
a theory which is, by definition, self-dual. We want to show here how to 
include gravity into this setup. 

Gravity, when added only in the action S, makes the asymmetry be- 
tween space-time and energy-momentum even worse. Space-time becomes 
a geometric manifold, and a dynamical object. The metric is allowed to de- 
pend on the position, and the Einstein equation tells us how the geometry 
is dynamically related to the energy-momentum tensor. The action S, with 
the introduction of gravity, is 

S = I d^x^g l^-^^R + g^^^{V^^rV,^^ . (11) 

The covariant derivative V, as in Q, contains the gauge field Q. Gn is the 
Newton constant, and it defines the Planck mass by the relation Afp = 1/Gn. 
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The trans-Planckian action S is quite easy to write. We just have to 
introduce the metric Qf^u of the energy-momentum into the game. The former 
also becomes a dynamical object; its geometry is modified by the presence 
of matter. The action is: 

s = I d^py^ (^^R+r^iv^^yv,^) . (12) 

J \ IGttGn / 

The covariant derivative V also contains a gauge field Y: = — iY^. 
Gn is the dual Newton constant defined by M| = G^. 

If we want to realize this duality, we are forced to take both geometries 
into account. There is in fact no way to relate the geometry g and g through 
the Fourier transform. They are not the Fourier transform of each other. 
That means that both geometries (|lip and (jl2p will play a role in what will 
come. Note that there is here a crucial difference between the matter fields 
and the metrics, if and ip are the same degree of freedom, just written in 
a different form. The two geometries g^y and Ij^y are instead two genuinely 
different degrees of freedom. 

The challenge we now encounter, is how to relate the field '^{x) and 
(pip). We want to implement the duality without ruining the equivalence 
and covariance principles. We want them to be realized both in the space- 
time X, and energy-momentum p manifolds. To implement them, we need to 
introduce two, auxiliary, fiat Minkowski spaces, which we denote as y and q. 
The fields ^{y) and ^(q'), are related by the ordinary Fourier transformation 
To obtain the fields 'p{x) and ^{p), we use the following transformations 
(Figured]): 

^(p) = Mi I ^ UpMv) , (13) 

= / (0 ^'<^>»^<'' ■ 

where functions fy{p) and fq{x), are solutions to the equation of motions 
(jlSp and are asymptotically ~ e"*^^ and ~ e**^^ respectively. 

The space p, and its metric g , are totally unaffected by the metric g, as 
long as the boundary conditions are fiat. It is clearly crucial, for this duality 
to be implementable, that the two manifolds x and p be asymptotically fiat. 

We need to consider the functions fq{x), that are the solutions of the 
equation of motion that asymptotically are e*"^^, with generic (not neces- 
sarily on-shell). The metric g is asymptotically fiat. The equation of motion 
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Figure 3: In order to implement the trans-Planckian duality, without ruining the equiv- 
alence principle, we need two auxiliary Minkowski spaces y and q. 



that fq{x) obeys, is 



g^'^V^VJ.ix) + ^ii^^^V^/,(x) + {q^ - (Q^)oo)V,(x) = , (15) 

that of a scalar field, minimally coupled to gravity, with mass g^, and charged 
under Q^. In order for fq{x) to be asymptotically e*''^, we have to add the 
terms with the asymptotic value {Q^)oo- The functions fy{p) satisfy the 
dual version of (fTSl) 



~ ~ ~ r) ( ^/—nn'^'^) ~ ~ ~ 

?'^"v^v./,(p) + '-^v ' vmp) + {y, - {yf^)ooffyiP) = , (16) 



This is the trick that allows us to define a Fourier map between x and p, 
which is consistent with the covariance and equivalence principles (and also 
gauge invariance) on both manifolds. 

We finally define our action S, which is the sum of (|lip and (jl2|) . where 
Qfj^u and g^i, are two independent asymptotically fiat metrics, and the fields 
fix) and ip{p) are related by the generalized Fourier maps and ([H]). 



5 Classical Theory 

We now want to study the solutions of the self-dual action S, at least in 
the classical case. We begin with the theory without gravity. The action 
can be recast in a local form in space-time. Solutions to the equation of 
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motion (EoM) are expressible through the harmonic oscihator polynomials. 
We then add interactions, and make an interpretation of the result (how the 
theory behaves at large and small energy scales). Finally, we discuss the 
gravitational case, and how the dual-geometry is perceived in space-time as 
a non-local interaction. 



Classical solution without gravity 

The action is 



with 



_ d . ~ _ 9 ■ 



(17) 



(18) 



where and are the auxiliary gauge bosons. We rewrite it as a function 
of ip, using the inversion of the Fourier transform ([2|): 



\(d,-zQ,M-' + {Mpnx,-Y,f\^\' 



(19) 



We see that S gives a quadratic potential for ip, with no dependence on its 
derivatives. From now on we set Mp = 1 for simplicity. 

Let us consider first the case of and constant. We can make a 
shift, and center both of them at zero, = and 1^ = 0. The centered 
action is then: 



d^x 



The EoM is: 



d^'df.ip - x^'x^ip = . 



(20) 



(21) 



The potential has a positive sign in the time direction, and a negative sign 
in the space direction. Signs change exactly like the kinetic term. This is 
the same equation of the relativistic harmonic oscillator (see Appendix |^ . 
We can solve this using the technique of separation of variables. We make 
the ansatz 

ip = Mt)<fs{x) , (22) 

and plug it into the EoM: 



{-dfipQ + t'^(po)ips = <Pq{-B^'Ps + x'^'Ps) ■ 



(23) 
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The change of sign in the potential is compensated by the same in the kinetic 
term. The solution can be given by the eigenstates of the quantum harmonic 
oscillator, both for ipt and ifg, plus the constraint imposed by ([23]) : 



p=0 

3 



ko + \ = iZ^j + \, (24) 

where Hk{x) are the Hermite polynomials {—l)^e^^{dx)''e~^^, and ko, ki are 
integers. Here is visible the reason behind the choice of the relative plus sign 
between S and 5*. It is in fact the only way to obtain normalizable solu- 
tions to the EoM. Other choices of the relative phase would give inevitably 
solutions with exponential divergences. 

Since the action is linear in (p, we can make a generic superposition of 
()24p . with different fcs, and still have a solution for the EoM. 

Now we discuss the possibility of non-centered solutions. is a gauge 
auxiliary field; it has no kinetic term. The EoM for is 

_ -iip*df,ip + iipd^ip* 

- ^2 • ^^^) 

If is constant, we can shift to 1^ = and rewrite the action as ()20p . with 
instead oi d^. S is invariant under all the gauge transformations 

^ ^ e^"("V , ^ + d^.a{x) , (26) 

It is certainly possible to take the solutions ()24p and, making any gauge 
transformation (126^ . obtain new solutions with dQ ^ 0. But these should 
not be considered as new solutions. We consider solutions (pl|) . with and 
Yf^ constants, the representative for their gauge equivalent set. From the 
EoM ([25]) we can conclude that df^Q^ — d^Qf^ = 0. In trivial topologies, the 
solution is always gauge equivalent to a constant. That proves that if one of 
the two, or y^, is constant, then also the other must be (modulo gauge 
transformations). Of course the previous argument does not exclude the 
possibility of non-trivial solutions where both and Y^ are non-constant 
and non-gauge equivalent to a constant. But to explore this category we 
cannot use the trick of rewriting S as a function of (p only (or if only). 
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Interactions and Interpretation 



To make an interpretation of these results, we need to introduce interactions, 
and see how the various linear waves ()24p couple together. The simplest is 
a quartic term, in both S and S: 

d^x [(V^(^)*V^(^-((^»2] + 1 d^p [(V^(^)*V^'^-(^*^)2] . (27) 

Now that linearity is broken, the waves can be mixed. There are two limits 
in which there is a very clear-cut interpretation. These two limits are dual 
to each other. 

It is now useful to interpret solutions (j24p as an actual particle that 
moves in an harmonic oscillator potential. The coordinates of the harmonic 
oscillator are now t, x and we call T the fictitious time. The Fourier trans- 
form is diagonal in the harmonic oscillator eigenstates 



n(- 

p=0 



1 



(28) 



For ^ 1 we can have coherent states. They are beams of minimal dis- 
persion 1 that oscillates in the potential with 5x ^ 5p ^ Vk. the relation 
between the A:s means that the beam oscillates exactly on some light-cone 
trajectory. The difference between the x and p oscillations, is just a 7r/2 





Figure 4: A coherent state of the harmonic oscillator. 

phase shift. So that when one beam is on the center of the potential, the 
other is at its maximum distance from the center. One of such configura- 
tions is that of Figure HI in which the beam is concentrated at the tip of the 
space-time light cone. Its wave function is 

-I 4 

^^x) ~ ^e'''^''''' TT ^ (29) 
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with the relation k^j^k^ between the momentao 

The interpretation in our context is the following. A very small observer 
would see a world ruled by the action S, and the position of the beam in the 
momentum space, is just the conserved energy-momentum of S. Waves can 
interact, scatter with each other, and change their final momentum. But 
always the momentum must belong to the energy-momentum light-cone that 
is centered in a fixed Q^. That can be understood also from the estimation 
at the end of Section [21 where the term S becomes irrelevant. In the other 
limit, when the beam is in the center of the energy-momentum light-cone, it 
is the term S in the action that becomes irrelevant. Now we have the same, 
but dual, interpretation as dynamics in the energy-momentum manifold. 

Classical solution with gravity 

When we add gravity, and its dual counterpart, the structure of interactions 
is as follows: _ 

9 9 

I I (30) 

The metric g^y interacts only with if, and the Einstein equations are un- 
changed, = SnTfj^^. Where the tensor T^,y is given by 

This follows from the fact that the dual-action S is, by definition, indepen- 
dent on the space-time metric g^y. We then have: 

T^, = -2(V^^)*V,(/p + <?;..5"'^(V„(^)*V;3¥' . (32) 

Finally we need to evaluate T^J^y on the solutions of the EoM, and here enters 
the effect of S. The same is true for the dual-gravity, which is an independent 
degree of freedom, and satisfies the dual-Einstein equations G^^y = S-kT^^. 
The tensor T^^ is obtained from 5S/g'^'^ . 

We need to find the formulas to invert the generalized FT (|13p. ()14p : 

v^(y) = / fyHpmp) , (33) 

^(q) = I ^-^^ f,-\xMx) . (34) 

^Due to the discrepancy in (|24|) (3/2 on one side, 1/2 on the other), the coherent state 
can be a good approximation only for large k's. 
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The are not easy to compute, and we do not know a generic solution for 
this mathematical problem. Here we just assume their existence!! They are 
defined in order to make the inversion. In the flat space, the function 
coincides with the complex conjugate /*, but not in general when there is 
curvature. The functions f~^{x) and fy^{p) are defined to satisfy 



z5{x — x') 
-.S{p-p') 
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fyip)L'Hp') ■ 



(35) 
(36) 



In the case of Minkowski space (or gauge equivalent to that), then /^^ 
and /* are the same, and these are just the usual orthogonality relations 
between the exponentials. For non-trivial metrics that is not true. The fact 
that /* does not give the orthogonal function is simple if you think about 
the interaction between the asymptotic free waves and the metric. Clearly 
there is some scattering and wave superposition. The mathematical problem 
is to find an analytic expression for this inverse function. We can now close 
the circle and give the relation between (p{x) and (p{p): 



fix) 



d'^y d'^q 



(27r)2(27r)2 {2tt)' 



- fy{p)e''y;;\x) ip{x) 



(38) 



The action S can be expressed as a function of ip only, even in the presence 
of gravity 



d^x. 



-a 



g^"'d^^*du^+ / d^x'^ ^*{x')Hx\xMx) 



(39) 



where J- is some potential that depends on both g and g. In the case of 
both fiat metrics 

J^(x', x) = 5{x - x')x^x^ , (40) 
and we recover (I20p . The EoM is linear, but non-local 



d^ig^^'d^x)) - / d^x'^g J'{x,x')^{x') = 



(41) 



^Since (|13p . (|14[) can be seen as just a linear transformation between functional spaces, 
the inversion problem is equivalent to finding the inverse of a matrix. It can happens that, 
for certain non-trivial geometries, the map is not injective, and that would require a more 
careful treatment. 
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To compute this correlation-potential T we need to use the inversion FT 
given previously (j37p and (|38p. We need also to derive the probe functions 
/ and /. The solution for T is 



J^{x',x) = 



' (2^)2(27r)2 (27r)4 (2^)2 (27r)2 
f-\x)e^'^yiVjy,{p)rV'^fy{p) e-^V f^'*ix')\ . (42) 



6 Quantum Aspects 

The classical theory is rather curious. It is a realization of the x ^ p duality, 
but in a way opposite to what we would like. At high energy scales A ^ Mp, 
it behaves like ordinary theories with action S on the space-time manifold. 
At low energy scales A <C Mp is behaves with the dual-action S on the 
energy-momentum manifold. That is clearly phenomenologically bad. 

But until now, we have omitted something important in the discussion: 
the quantum effects of gravity. These can have a huge impact on these 
ranges of validity. Unfortunately, at the moment, we do not have quanti- 
tative control over these effects. The following discussion, is thus at a very 
qualitative level. 

Now we write the functional integral. The first important thing is that 
we can make an overall integration over (p. And this is good both for ip and 
ip. So, from this point of view, it is invariant under the duality. In the field 
theory approach it is equivalent to say that making a path integral over [d(p] , 
or over [dp], is essentially the same thing 



The matter fields are the physical objects, the ones that makes S and S 
talk to each other. We then integrate independently over all the possible 
geometries g and g of respectively the space-time and the energy- momentum. 
We also integrate over the auxiliary gauge bosons Qf_i{x) and Y^{p). 



The action is completely symmetrical, is just the sum of S and S. In order to 
implement the equivalence principle in both the sides of the duality, we have 




(43) 




(44) 
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to use the technique previously introduced in Figure [3l with the support of 
the two auxihary Minkowski spaces y and q. 

In the Euchdean formulation, field configurations are weighted by exp (— Se) 
To be properly defined the Euclidean action must be bounded from below, 
and this forces us to choose a positive sign 

Se = + 5e . (45) 

The analytic continuation, to be consistent with the Fourier transform must 
be performed in the following way 

t ^ IT , e — > ie . (46) 

and this is consistent with the fact that the metric must become Euclidean 
not only in x^x^ and p^p^, but also in the cross-terms x^p^. 

And now we come to one of the most important issues, how S behaves 
at low-energy A <C Mp. Dual-gravity is here in the strong coupling regime. 
That follows from the very standard argument. The gravitational part of 
the action is of the order (A 5g/Mp)'^ , where 5g is the fluctuation of the dual- 
metric. That means that quantum fluctuation of the dual-metric becomes 
very big 

Mp 

Sg-^. (47) 

These fluctuations are just the dual counter part of what happens to the 
ordinary metric g at high energy scales Now we need to consider the dual- 
matter. The field (f{p), from (jl3p . is obtain from a Fourier reconstruction 
of the waves fy{p), weighted with the function ip{y). The waves fy{p) are 
subject to the equation (llSp and thus sensitive to the metric fluctuations, 
especially to the ones that have a similar frequency. And if the fluctua- 
tion are very large (I47p . that imply that (pip) cannot be reconstructed like 
the original (p{q), and is instead scattered all over the energy-momentum 
manifold. 

We certainly need to study this mechanism in more detail, in order to 
make any progress with this idea of trans-Planckian duality. 

7 Conclusion 

In this letter, we presented an idea, quite unusual, about Planck scale 
physics. We quickly summarize the main essence of this proposal. 



*When fluctuations are non-perturbative, it is expected that changes of topology also 
occurs in the manifold. For this reason this state is also sometimes referred as "quantum 
foam." 
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One of the pillars of quantum mechanics is the wave-particle duality. 
Waves can be expressed, equivalently, as functions over space-time x^, or 
as functions over energy- momentum p^. As long as we do not consider 
the dynamics, space-time and energy-momentum are completely symmet- 
rical, dual objects. This duality is spoiled by dynamics, and especially by 
gravity. Theories are generally formulated in terms of local Lagrangians in 
space-time, invariant under Poincare symmetry. Furthermore, after gravity 
is introduced, space-time becomes a geometric manifold, whose metric is 
dynamically determined by the energy-momentum tensor. 

On the other hand, we have to admit, all the phenomena that we have 
observed, and that fit into our description, are limited to space-time scales 
much greater than the Planck length, and energy-momentum scales much 
smaller than the Planck mass. So, although it is true that in our theories 

and pi^ have different meanings and different roles, it is also true that 
we always observe them in very asymmetrical circumstances. Furthermore, 
if we try to extrapolate our theory beyond its Planckian boundaries, we 
inevitably run into trouble (non-renormalizability, strong-coupling). The 
idea we proposed here is that maybe the asymmetry between and p^ 
that we observe is just due to the asymmetric conditions in which we observe 
the universe. We were thus led to search for a theory in which space-time 
and energy-momentum are completely dual objects, and that reduces to our 
ordinary description at small energy scales. 

There is an immediate consequence, if this duality were to be realized. 
The energy-momentum is a manifold itself, with a geometry g^i, and the 
possibility to move around it and have dynamics on it. This forced us from 
the beginning to introduce a U(l) gauge bundle on both space-time and 
energy-momentum, with gauge bosons respectively and Y^. The expec- 
tation value Qn contains the information about the point in the energy- 
momentum manifold in which we are centered right now. We then intro- 
duced the simplest possible action that takes into account dynamics on the 
events manifold, and dynamics on the momenta manifold, E: = S + S . The 
relative sign was justified by the existence of normalizable solutions to the 
classical EoM. Analysis of the classical theory has been performed. It is in 
fact a realization of the auspicated duality, but high energy phenomena are 
ruled by the action S, and small energy phenomena are ruled by the action 
S. Our investigation has been limited to the classical behaviour, although 
we showed that quantum fluctuations of the metrics g and g are crucial to 
determine the regions of dominance. 

The existence of asymptotic flat regions, is crucial for the implementa- 
tion of the whole idea. In a cosmological setup, this can be achieved in a 
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FLRW model requiring that the spatial curvature and the fundamental cos- 
mological constant are both zero. Both space-time and energy-momentum 
are asymptotically flat and empty at t — > oo and e — > oo. And flatness must 
apply both to the curvature of the geometry and to the curvature of the 
U(l) bundle. 

We begun in the Introduction with a discussion about the electro-magnetic 
duality. Motivated by this property of gauge fields, we started the search for 
an analogous strong-weak coupling duality for the gravitation fields. Our 
conclusion is that gravity itself does not exhibit such property, but with the 
introduction of an additional structure, the dual-gravity gfj,u, it is possible to 
implement this duality. One main difference though, is that while electro- 
magnetic duality exchanges charges without interference with the energy 
scale, the one described here involves also an exchange between high-energy 
and low-energy. Independently upon the specific model proposed here, we 
believe that the high-low energy exchange must be a fundamental feature of 
any attempt to realize the strong-weak coupling duality for gravity. 

Our idea does not put constraints on the matter content or the form of 
the interactions. But we have to make a clear distinction between matter 
field (scalars or fermions), and gauge interactions. Matter fermions can be 
treated exactly in the same way we have done for the scalar field ip. The self- 
duality of the Lorentz generators (|3|), allows in fact for any representation 
of the Lorentz group to be implemented into this context. The coupling 
with the auxiliary bosons and must be universal, and the same for all 
matter fields. For gauge fields it is instead different. If we try to consider 
a gauge field as a matter field, and make the Fourier transform of it, 
we have no chance to make gauge invariance to hold on both sides of the 
duality. Gauge fields instead must be treated in the same way as gravity. 
Both manifolds, space-time and energy-momentum, can have a gauge bundle 
with some group G and some connection. The two gauge potentials and 
A^ are two independent degrees of freedom. Gauge invariance on the two 
sides of the duality can be obtained with the same trick as Figure [3l The 
probe wave functions fq{x) and fy{p) must transform under the gauge group, 
like we have done for the Q/^ and Y^. It would also be very interesting to 
try to implement supersymmetry in this context; we do not see any obvious 
reason that forbids that. 

In this short letter we have just presented the idea. Clearly we are very 
far from having control over its quantum aspects and, as we saw, they are 
a crucial element to decide if this idea can have any relation with the real 
world. 



18 



A Relativistic Harmonic Oscillator 



We obtained in (j2ip the equation of a massless relativistic harmonic oscilla- 
tor (RHO). This object has been considered in the past as a toy model for 
relativistic bound states [2j. In those models had to be interpreted as 
the relative coordinate between two elementary particles forming a bound 
state. Our interpretation is different but, since the mathematical problem is 
the same, is good to discuss the overlap with the already existing literature. 

Due to the x <^ p duality, the Minkowsky symmetry SO{d, 1) is enhanced 
to V{d, 1), and that much in the same way of the Euclidian harmonic os- 
cillator. The main difference though, is given by the non-compactness of 
the group, which forces unitary non-trivial representations to be infinite 
dimensional. The solutions (j24p belongs to a unique, infinite dimensional 
multiplet. Is in fact clear that the vacuum np=o c"^*"^^ is not boost in- 
variant. A representation built above an invariant ground state, such as 
Q±xpxP/2 ^ has necessarily exponential divergences in time or space. We have 
not considered the last option in this paper. 

B Measure Units 

Throughout this paper, we have used natural units in which h = \ and 
c = 1. It is instructive to reintroduce them. In our sub-Planckian universe 
we have three units of measure: length [/], time [t] and mass [m]. In the dual, 
trans-Planckian universe, we have instead: momentum [/] = [ml/t], energy 
\t\ = [mP /t^\ and dual-mass [m] = [/^/t]. The sub-Planckian universe 
has three fundamental constants: the speed of light c = [l/t], the Planck 
constant h = [mP /t\ and the Newton constant Gn = [/^/(mt^)]. The trans- 
Planckian universe also has three fundamental constants: c = \l/t\ = [t//], 
h = [mP/t] = [mP/t], and Gn = = [mf/l'"^]. They are related to 

the sub-Planckian fundamental constants by: 

c=-, h = h, Gn = 7^. (48) 

The Planck constant enters in the wave-length of 6*^^^*^/^ and in the Fourier 
transform. It is self-dual since it is a momentum multiplied by a length. 
The speed of light enters in x^ = ct and = e/c, and this, in our language, 
can be interpreted as c = 1/c. 

This work is supported by DOE grant DE-FG02-94ER40823. 
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